Abstract. We characterize those Lie groups, and algebraic groups over a local field of characteristic zero, whose first reduced L p -cohomology is zero for all p > 1, extending a result of Pansu. As an application, we obtain a description of Gromov-hyperbolic groups among those groups. In particular we prove that any non-elementary Gromov-hyperbolic algebraic group over a non-Archimedean local field of zero characteristic is quasi-isometric to a 3-regular tree. We also extend the study to semidirect products of a general locally compact group by a cyclic group acting by contracting automorphisms.
Introduction
Let G be a locally compact group, endowed with a left Haar measure. Let ρ = ρ G denote the right regular representation of G on the space R G of all real-valued functions on G, defined by (ρ(g)f )(h) = f (hg) for g, h ∈ G, f ∈ R G . Given p ∈ [1, +∞ [, let D p (G) denote the set of p-Dirichlet functions on G, namely measurable functions f on G such that b(g) = f − ρ(g)f belongs to L p (G) for all G, and such that g → b(g) is continuous from G to L p (G) . This space contains constant functions and L p functions (indeed, the continuity of g → b(g) is clear for continuous compactly supported functions, which form a dense subspace of L p (G) ). For every compact subset Q ⊂ G, we define a seminorm on D p (G) by
We equip D p (G) with the topology induced from the seminorms · D p ,Q for all Q. Then it follows from [T1, Lemma 5.2] that D p (G)/R is isomorphic, as a topological vector space with a G-action, to the space of 1-cocycles Z 1 (G, ρ p G ), where ρ p G denotes the right regular representation on L p (G) . The first L p -cohomology and the reduced one coincide if and only if the norms f p + f D p ,Q and f D p ,Q are equivalent on L p (G) for some compact subset Q. If G is non-compact, this happens if and only if G satisfies the Sobolev inequality
i.e. if and only if [T3, Proposition 11 .9] G is either non-unimodular or nonamenable. This can be reformulated as
• If G is non-compact, amenable and unimodular, then H 1 p (G) is nonHausdorff (and in particular is non-zero);
• Otherwise, H 1 p (G) = H 1 p (G) . A definition of the first L p -cohomology of a locally compact group in the context of metric measured spaces is given in [P95] (see also [T1, Section 3] and Appendix B); the equivalence between the two definitions is obtained in [T1, Section 5] . Definition 1.1. Throughout the paper, Lie groups refer to real Lie groups.
• The unit component of a locally compact group G is denoted by G 0 .
• Let Z act by automorphisms on a locally compact group H. A vacuum subset is a subset U ⊂ H such that for every compact subset M ⊂ H, we have k · M ⊂ U for k large enough. We say that Z contracts H if there exists a compact vacuum subset U. The action is strictly contracting if any neighborhood of 1 is a vacuum subset (in some papers this is simply referred to as contracting).
• We say that a Lie group G with finitely many connected components is of Heintze type if it is isomorphic to a semidirect product S ⋉ N, where N is a non-compact simply connected nilpotent Lie group, S contains Z as a cocompact subgroup which contracts N.
• We say that a locally compact group G is of non-Archimedean Heintze type if it is isomorphic to a semidirect product S ⋉ N, where N is a non-compact, totally disconnected, locally compact nilpotent group, S contains Z as a cocompact subgroup which contracts N.
• We say that a locally compact group G is of rank-one type (resp. nonArchimedean rank-one type) if for some (unique) compact normal subgroup W in G, some finite index subgroup of G/W is isomorphic to the quotient of a simple group of rank one over the reals (resp. over some non-Archimedean local field) by its center. Example 1.2.
• Let G = (K × R) ⋉ N be a Lie group with finitely many connected components, with K compact, and assume that for every positive t ∈ R ⊂ G, every eigenvalue λ of Ad(t) acting on the Lie algebra n satisfies |λ| < 1. Then N is nilpotent and simply connected, G is of Heintze type, and conversely every Lie group with finitely many connected components of Heintze type is of this form. Besides, Heintze's main result in [H] is that a connected Lie group of dimension ≥ 2 has a left-invariant Riemannian metric of negative curvature if and only if it is a simply connected solvable Heintze Lie group.
• Similarly, if G = (K × K * ) ⋉ N is an algebraic group over a nonArchimedean local field with K compact, and for every t ∈ K * with |t| > 1, all eigenvalues λ of Ad(t) acting on n satisfy |λ| < 1. Then G is of non-Archimedean Heintze type. When K has characteristic zero, every connected linear algebraic K-group of non-Archimedean Heintze type, is of this form.
Our main result is the following theorem. We include the statement (1) in order to give a complete picture, but only prove the other ones. [T1, . The discrete version, given here, allows a unified proof of (2) and (3) in the Lie and non-Archimedean case. Theorem 7 below provides a more general and more precise statement, which contains (2) as a particular case. We first focus on some corollaries on Theorem 1.
Corollary 2. Equivalences:
(2.1) For some p > 1, we have Heintze or rank-one type (Lie or non-Archimedean) .
Lie groups admitting a left invariant Riemannian metric with negative sectional curvature have been described algebraically in [H] . An application of our main result is to provide a characterization of Gromov-hyperbolicity for Lie groups and algebraic groups over a local field of zero characteristic. This can be understood as a "large-scale" version of Heintze's theorem [H] . Note that one advantage of focusing on the large-scale geometry of a Lie group is that the statements are independent on a choice of Riemannian metric and also make sense when we consider the word length with respect to a compact generating set. In general, a locally compact group is said to be Gromov-hyperbolic if it is compactly generated and, viewed as a metric space with the word metric to some compact generating set, is a Gromov-hyperbolic metric space.
By [CT, Theorem 1.2] , a connected Lie group (resp. an algebraic group over a local field with characteristic zero) with exponential growth has a bi-Lipschitz embedded 3-regular tree. It then follows from [T1, Theorem 6 ] that if such a group is Gromov-hyperbolic, it has non-trivial first reduced L p -cohomology for large enough p. Accordingly, we get the following corollary. The construction of a left-invariant metric on a simply connected Heintze Lie group is one of the principal results in [H] . We need slightly more to obtain the third statement of the corollary for an arbitrary Heintze Lie group, but it turns out that what we need follows from Heintze's construction, namely [H, Theorem 2] . This amounts to prove that if G is a simply connected Heintze group and K a compact group of automorphisms of G, then G possesses a leftinvariant Riemannian metric which is K-invariant. Note that all regular trees of degree 3 ≤ d < ∞ are quasi-isometric to each other. In order to get the third condition, we make use of the following general proposition.
Proposition 6. Consider a contracting action σ of Z on some non-compact, totally disconnected, locally compact group H. There exists a proper length function ℓ on the semidirect product G = Z ⋉ H such that the pseudo-metric space (G, d) ,
, is isometric to the vertex set of a r-regular tree for some r ≥ 3.
Turning back to Theorem 1(2), we have the following more general result. 
Then for all p ≥ 1, H 1 p (G) = 0 if and only if p > p 0 . Theorem 7 is proved by Pansu [P90, P07] when H is a simply connected solvable Lie group. Theorem 7 applies to "mixed" groups such as Z ⋉ (t −1 ,ℓ) (R × Q ℓ ) (t > 1, ℓ prime), for which p 0 = log(tℓ)/ log(t). Unlike the case of Lie groups, this provides examples where p 0 is (any number) in ]1, 2[. Besides, the assumption in Theorem 7 of H 0 to be non-compact is no restriction, since otherwise when H 0 is compact (but not H), Proposition 6 applies and H 1 p (G) = 0 for all p ≥ 1 (see Proposition 3.4 for a direct proof). In Section 2, we collect some results relating some properties of L p -cocycles to the modular function of the group. These observations, crucial in the nonunimodular case, are largely adapted from [P07] . At the additional cost of some structural results on Heintze Lie groups, we then obtain Theorem 1(3).
Contents
In Section 3, we prove Theorem 7 and in particular deduce (2) of Theorem 1. Finally in Section 4, we complete the proof of the corollaries of Theorem 1. In particular, we prove the existence of a G-invariant metric of negative curvature on G/K for general Heintze Lie groups, and prove Proposition 6.
Vanishing of the first L p -cohomology and the modular function
In all this section, p ∈ [1, ∞). The aim of this section is to prove Theorem 1(3).
2.1. Generalities. Recall that ρ denotes the right regular representation of G on L p (G) . Let ∆ be the modular function on G. For every measurable function f on G and g ∈ G, we have ρ(g)f = ∆(g) −1/p f , where · is always assumed to denote the L p -norm. For every ξ ∈ G, define
This is a subgroup of G.
Proof. We have G) to some function v; we set u ∞ = v + u. In particular, the sequence (ρ(ξ n )u) converges almost surely to 
Proof. For any measurable function f on G and any measurable subset X of G, denote by f X the L p -norm of f.1 X . Fix any compact subset X of G. As H is non-compact, its subset H + = H ∩ {∆ ≤ 1} is non-compact. As the right action of G on itself is proper, there exists a sequence (h i ) in H + such that the subsets Bh i are pairwise disjoint. Fix g ∈ V . We have
Proof. This follows from the formula
Proof. Using that b is bounded on bounded subsets of G, this follows from Lemma 2.3.
Lemma 2.5. Let G be a locally compact group.
•
• Otherwise, there exists ε > 0 such that W = {|f | > ε} has nonzero finite measure m. Take a compact subset K such that the measure of K ∩ W has measure > m/2. There exists g such that K and gK (resp. Kg)are disjoint; we can suppose that ∆(g) ≥ 1. Then as gK (resp. Kg) are contained in W , we get a contradiction. G) and let us show that it is in the cohomology class of 0. By Lemma 2.1 we can suppose that ρ(ξ)u = u. By Lemma 2.4, u is then invariant by ρ(Y ). By Lemma 2.2, u is invariant by Z, and therefore by Lemma 2.5 u is constant.
Remark 2.7. In general, it is not true that if H is a closed non-compact subgroup contained in Ker∆ and if u ∈ D p (G) if ρ(H)-invariant, then u is necessarily zero. It is shown in [CTV, Proposition 4.3] that if H is any infinite discrete group and K any non-trivial discrete group, then the free product G = H * K is a counterexample.
2.3. Application to non-unimodular amenable or Lie p-adic groups. We say that a connected Lie group, resp. connected algebraic group over a local field is triangulable if it embeds as a closed subgroup of upper triangular real matrices (resp. over the ground field).
non-unimodular triangulable Lie group, • or a non-unimodular amenable connected linear algebraic group over a non-Archimedean local field of characteristic 0. Then G satisfies the hypotheses of Proposition 2.6 if (and only if ) G is not of Heintze type (Lie or non-Archimedean).
Proof. The "only if" part is not the point of this section; it follows from Propositions 2.6 and 3.4. Let us focus on the "if" part, assuming that G is not of Heintze type.
If G is non-Archimedean, it has a cocompact Zariski-closed characteristic subgroup which is triangulable (and necessarily non-Heintze as well), so we can also suppose in that case that G is triangulable (the group Z will be chosen characteristic so will remain normal in the whole group).
Let N be the nilpotent radical and Z its center; the assumptions imply that Z is not compact. Write a Cartan decomposition G = AN; this means that A is nilpotent and G = AN (in the non-Archimedean case we can have moreover G = A ⋉ N and A abelian).
Consider the adjoint action of A on g. It defines a homomorphism A → GL(g). Its Zariski closure is connected nilpotent, so decomposes as a direct product DU with D diagonalizable (over K) and U unipotent. If a ∈ A, we can thus decompose the corresponding automorphism of g as du and write (after choice of a suitable basis) d = diag(λ 1 (a), . . . , λ m (a)). Define the weights as the homomorphisms
which can be viewed as a "half-space" in A/B. Set
there exists an element ξ in E + which is not in E dil . So ω i (ξ) < 0 for some i. This means that W ξ is not compact and and the hypotheses are fulfilled.
Let us now suppose that k = 1 (k = 0 is ruled out as it would force G to be unimodular (and even nilpotent)). Note that this forces n to have codimension one. Pick ξ with ∆(ξ) > 1. As the action of ξ on n has at least one eigenvalue of modulus ≤ 1 (because G is not Heintze), we have W ξ non-compact.
Remark 2.9. Let R 2 act on C 2 by (r, θ) · (z 1 , z 2 ) = r(e iθ z 1 , e πiθ z 2 ). Then the semidirect product R 2 ⋉ C 2 does not satisfy the hypotheses of Proposition 2.6, yet is non-Heintze. Note that this group is not triangulable.
Lemma 2.10. Let be a Lie group with π 0 (G) finite, and assume that G is of Heintze type with
Then K is a compact normal subgroup of S and has a direct factor in S, isomorphic to R. Moreover, any element g in S −K generates a cocompact subgroup contracting N.
Proof. Let ξ be an element of S contracting N. As S is unimodular, we have ∆ G (ξ) = 1. So, in restriction to S, ∆ G has infinite image; in particular it is also non-trivial in restriction to S 0 , so that by connectedness the restriction of ∆ G to S 0 is surjective. Note that K is a maximal compact subgroup in S and in particular K ∩ S 0 = K 0 . As K 0 is a connected compact Lie group, its outer automorphism group is open. In particular, the action by conjugation is by inner automorphisms and therefore its kernel S 1 is cocompact in S. Let L denote a one-parameter subgroup of S 1 , not contained in Ker(∆ G ). In particular, L is closed and non-compact; by construction it centralizes K. As ∆ G is surjective in restriction to L, we have S = KT and as [K, T ] = 1, K is compact and K ∩T = 1, this is a (topological) direct product.
As S 0 contains a cocompact cyclic subgroup, we have K ∩ S 0 compact, hence K is compact. For some suitable norm, the adjoint action of K on n is isometric, and the action of the element ξ is strictly contracting. For some γ ∈ T , we have γk = ξ for some k ∈ K. Hence γ contracts n. So it has all its eigenvalues on n of modulus < 1. Therefore all (γ t ) t>0 is contracting, and therefore any element of the form γ t k with t > 0 and k ∈ K is contracting; each cyclic subgroup of S not contained in K contains such an element. Proof. Write G 1 = S ⋉ N as in the definition of Heintze type and let ξ be a contracting element. Then both s and n are both sums of characteristic subspaces for the adjoint action of ξ. Therefore, g 2 = s 2 ⋉n 2 for some subspaces (necessarily ideals) s 2 and n 2 of s and n, hence G 2 = S 2 ⋉N 2 with S 2 and N 2 normal subgroups of S and N respectively. As G 2 is cocompact and connected, necessarily N 2 is cocompact and connected, hence N 2 = N. In view of Lemma 2.10, S 2 contains a cocompact cyclic subgroup contracting N, so G 2 is of Heintze type.
Lemma 2.12. Let G be a Lie group with π 0 (G) finite. Let G 1 be a cocompact, normal, contractible subgroup of G. Then G = K ⋉G 1 for some compact subgroup (actually, any maximal compact subgroup).
Proof. Let K be a maximal compact subgroup of G. From the exact sequence associated to a fibration, we see that the natural map G → G/G 1 is a homotopy equivalence. Also, the inclusion K ⊂ G is a homotopy equivalence. So K → G/G 1 is a homomorphism between compact Lie groups which is a homotopy equivalence. Again using the long exact sequence associated to a fibration, we obtain that both the kernel and the cokernel of K → G/G 1 are contractible.
As these are compact manifolds, they are necessarily points, that is, the map
Lemma 2.13. Let G be a Lie group with π 0 (G) finite. Assume that G is of Heintze type with G = S ⋉ N as in Definition 1.1. Then G/N is the largest quotient of G with polynomial growth (also known as "exponential radical of G").
In particular, N is a characteristic subgroup of G.
Proof. Obviously G/N has polynomial growth. Conversely, let M be a normal, closed subgroup of G such that G/M has polynomial growth and let us show that N ⊂ M. By Guivarc'h [Gui] , this means that in the adjoint representation of G on g/m, all eigenvalues have modulus one. This forces n ⊂ m, so N ⊂ M.
Lemma 2.14. Let G be a Lie group with π 0 (G) Proof. Write G 1 = S ⋉N as in Definition 1.1. By Lemma 2.13, N is characteristic in G 1 and therefore is normal in G.
By Lemma 2.10,
Therefore the image of T in G/N, which we still denote by T , is contained in the radical R/N of G/N. Since G 1 is normal and cocompact, the restriction of ∆ G to G 1 is ∆ G 1 . So the map ∆ G can be viewed as a homomorphism on G/N, which is non-trivial on T , hence on R. Set M = R ∩ Ker(∆), so R/M ≃ R and M/N is compact. Since R/N is connected and M/N is its maximal compact subgroup, M/N is connected. As a solvable, connected compact normal subgroup of R/N, M/N is a central torus. Since it has codimension one in R/N, there is one-dimensional factor, hence a direct factor of M/N in R/N. So R/N is abelian. In particular the action of G on R/N by conjugation factors through the compact group G/R. This group preserves a direct product decomposition R/N = M/N ⊕ V ; since G/R is compact, it action on the compact torus M/N is trivial. Moreover, its action preserves leaves invariant the function ∆ G and therefore acts trivially on Proof. First observe that the result is clear when W is locally a direct factor. In general, we can suppose that W is either semisimple, finite, or a circle. When W is semisimple, as its outer automorphism group is discrete and W has finite center, its centralizer is locally a direct factor.
Suppose that W is finite. In particular, W centralizes G 0 . Using Lemma 2.10, write G/W = (T /W × K/W ) ⋉ N/W . As T /W and N/W are both simply connected, we have
Finally, suppose that W is a circle and that G/W is of Heintze type. By Lemmas 2.11 and 2.14, we can suppose that G/W = S/W ⋉N/W with S/W ≃ R. As S/W is one-dimensional, we can lift it to a one-parameter subgroup T of G, so G = T ⋉ N and N ⊃ W .
Let ξ ∈ T be an element contracting n. Consider the adjoint action of ξ on n, and denote by c be the sum of characteristic subspaces for eigenvalues of modulus < 1. Since c = {x ∈ n| lim n→+∞ Ad(ξ n )x → 0}, we see that c is a Lie subalgebra. Note that since G/W is Heintze, c projects onto n/w, that is, c + w = n. Clearly the intersection is trivial (since w is central), so c ⊕ w = n. Again using that w is central, we obtain that this is a decomposition as a direct product of Lie subalgebras. Let C be the Lie subgroup corresponding to c. The projection C → N/W inducing the isomorphism c → n/w, it is a covering; as G/W is simply connected, this is an isomorphism. In particular, C is closed and nilpotent, simply connected. This implies in particular C ∩ W = 1. So N is the topological direct product of C and W . As T normalizes both C and W , we obtain that W is a direct factor in G, hence clearly G is of Heintze type. Proof. Let M be the connected amenable radical of G.
Assume that M is not compact and G/M has finite center. Let R be the radical of G (R is cocompact in M). Modding out if necessary, we can suppose that W = 1. So the derived subgroup R ′ of R is simply connected. Consider the action by conjugation of G/R on R/R ′ . As G/R is semisimple, using the action on the universal covering, we obtain that R/R ′ decomposes, under the action of G, as the direct sum of its maximal compact subgroup, and some vector space V 0 . Let V be the inverse image of V 0 in R. So V is normal in G, simply connected, and cocompact in M. The group G/V is the direct product, up to some normal finite subgroup, of a compact group and a semisimple group with finite center. Therefore it has a simply connected solvable cocompact subgroup; let P be its inverse image in G, which is a simply connected solvable cocompact subgroup of G. Assume by contradiction that P is Heintze. We know that the derived subgroup of P/V has codimension at least one in P/V . As the Heintze assumption implies that P ′ has codimension one, this forces P ′ to contain V . As P is Heintze, it contains an element ξ contracting P ′ . In particular, ξ contracts V . If g ∈ G, let the action of g by conjugation on V multiply the Haar measure by q(g). So, using that V is non-compact, q(ξ) = 1. Because of the existence of this contraction, V ⊂ G ′ and in particular V ⊂ Ker(q), i.e. q factors through G/V . Now G/V has compact abelianization because it is compact-by-semisimple. So q is trivial, a contradiction.
Assume that either M is compact or G/M has infinite center. If M is compact, then by assumption G/M has rank at least two, so G/M either has infinite center or has rank at least two. Then by Lemmas 2.4 and 6.7 in [Cor] , there exist cocompact inclusions
with G 2 a solvable and simply connected Lie group. The assumptions imply that G/M contains Z 2 as quasi-isometrically embedded subgroup this copy can be lifted to a Levi factor of M in G/W , so G/W also contains a quasi-isometrically embedded subgroup isomorphic to Z 2 . Therefore G 2 contains a quasi-isometrically embedded copy of Z 2 as well (actually, it follows from the construction in [Cor] that it can be realized as a subgroup, even if we can bypass it), so is not of Heintze type.
If G is a linear algebraic group over a local field K, the rank (or K-rank) of G is the least k such that G contains a K-split torus of rank k.
Lemma 2.18. Let G be a connected linear algebraic group over a local field K of characteristic zero. Suppose that G is not amenable, and is not reductive of rank one. Then G contains a cocompact subgroup of the form DU (D split torus, U unipotent) which is not of non-Archimedean Heintze type.
Proof. This is a simplified analog of the proof of Lemma 2.17, so we only sketch. The hypotheses mean that either G has rank at least two, or is not reductive.
Let N be the unipotent radical of G. The reductive group G/N has a cocompact subgroup of the form DU ′ with D a split torus and U ′ unipotent. Let P = DU be the inverse image of this subgroup in G. If G has rank at least two, so does P , so that P is not of non-Archimedean Heintze type. Otherwise, since we assume that G is not amenable, G/N is non-abelian reductive of rank one. In particular, G/N has no non-trivial homomorphism to R, as well as N. Therefore the action of G on N by conjugation preserves the Haar measure. As in the Proof of Lemma 2.17, and as N is non-trivial, this prevents P from being a non-Archimedean Heintze group. 
Proof. The hypotheses exactly mean that Lemmas 2.17 and 2.18 do apply. So G is a quasi-isometric to a non-Heintze simply connected solvable Lie group, or nonHeintze triangulable group over a local field of characteristic zero. Again using the quasi-isometry invariance of the L p -cohomology (Appendix B), the result then follows from Theorem 2.16.
The L p -cohomology of Heintze groups
In this section, we prove (2) and (2 ′ ) of Theorem 1. We consider semidirect products D ⋉ N with the following convention: D acts on N on the right, and the group law is given by
Suppose that D is discrete. Then it is checked at once that if λ 0 is a left Haar measure on N, and δ is the counting measure on D, then λ = δ ⊗ λ 0 is a left Haar measure on G = D ⋉ N.
Suppose now that u is a continuous function on G that is invariant for the right-regular action of
Proof. For some ε > 0, there exists two disjoint measurable subsets of positive measure A 1 , A 2 of N such that for every (a 1 , a 2 ) ∈ A 1 ×A 2 , v(a 1 ) ≤ v(a 1 )−ε. As D is infinite, the subset D + of D consisting of elements such that the automorphism
we have u(b 1 ) ≤ u(b 2 ) − ε. As B 1 , B 2 both have infinite measure, this implies
is finite for all g ∈ N and tends to 0 when g → 1.
Proof.
it is enough to check it for g ranging over a generating subset of G. As B(g) = 0 for g ∈ D, it is enough to check it for g ∈ N.
For
, and the condition is that
Let us now specify to the case when D is cyclic and generated by an element ξ satisfying δ = ∆(ξ) > 1.
Let W be the largest compact normal subgroup in the unit component H 0 of H, look at the eigenvalues of ξ on the Lie algebra on the non-trivial simply connected Lie group N 0 /W , and define λ as the minimal modulus of its (complex) eigenvalues. Proof. Using the quasi-isometry invariance of L p -cohomology (Appendix B), we can suppose that S = Z contracts H.
By Corollary A.6, H/W (H 0 ) has a characteristic open subgroup L decomposing canonically as a direct product of a connected Lie group and a totally disconnected characteristic subgroup. Therefore the theorem is a combination of the two following propositions. 
Proof. On H = N × R, we define v(n, r) = w(n)β(r), where w is non-zero Lipschitz and compactly supported on N (Lipschitz referring to the intrinsic Riemannian distance on N), and β being the indicator function of some clopen neighborhood of 1.
As b is bounded, for d → −∞, the sum (3.1) converges in L p -norm, uniformly on g.
Then for fixed g = (h, s) ∈ N = N × R,
is bounded above by λ ′−d for d ≫ 0. As w is Lipschitz, this implies that for some constant C,
As b(g ′ ) has support of bounded measure (independently on g ′ ), this implies
and (3.1) holds. We still need the continuity at 1. First note that d 0 = d 0 (g), as defined above, can be chosen bounded when g is bounded. We pick d 0 working for some neighborhood V of 1. From the Lipschitz condition, we actually have
where | · | denotes the Riemannian length in N 0 , and |h
1 being independent on h ∈ V , which lies in the given neighborhood of 1. This implies that the sum
is continuous at 1, and therefore so is the entire sum, indexed by Z.
Proposition 3.5. Consider contracting actions σ, σ ′ of Z on a non-compact connected Lie group N and on a totally disconnected group R, and H = N × R with the diagonal (contracting) action of Z. Define G = Z ⋉ H and p 0 (G) as above. Then H Proof. The first step is to modify the action of Z on N so as to have a triangulable action with positive real eigenvalues.
Consider the tangent action of σ(Z) on n. Then we have n = k ⊕ m, where m, resp. k is the sum of characteristic subspaces for eigenvalues of σ(Z) of modulus less than 1 (resp. equal to 1). Moreover these are Lie subalgebras, and [k, m] ⊂ m, so m is an ideal. Let M and K be the corresponding Lie subgroups of G. Then M strictly contracted by σ(Z), so is nilpotent and simply connected. Since M is contained in the nilpotent radical of N, which is simply connected, M is closed. Moreover σ contracts the quotient N/M, so that the tangent action has all its eigenvalues of modulus one. This implies (for instance) that σ(Z) preserves the measure on N/M, and therefore N/M is compact. So Z ⋉ M × R is cocompact in G, hence quasi-isometric to it. In view of the quasi-isometry invariance of the L p -cohomology (Appendix B), we can replace N by M if necessary, so we can suppose that N is nilpotent and simply connected.
Then the group Aut(N) = Aut(n) is a linear algebraic group; so we can write σ(1) = g + k = kg + with k elliptic and g + having all eigenvalues real positive. If we define a new action σ 1 of Z on N by replacing σ(n) by g
. Let K denote the closure the subgroup k of Aut(N). We can make Z × K act on N × R, the action on N being the original action, the action of Z on R being the original action, and the action of K on R being trivial. Then both G and G 1 embed into (Z × K) ⋉ (N × R) as a cocompact subgroup. Therefore G 1 is quasi-isometric to G. Again using the quasi-isometry invariance of L p -cohomology, we can henceforth assume that N is simply connected nilpotent and Z acts on it with all eigenvalues real positive.
Assume that H 1 p (G) = 0. By Lemma 2.1, there exist u ∈ D p (G) which is ρ(ξ)-invariant, and therefore u can be written as above. As the eigenvalues of ξ on N are real, there exists a one-parameter subgroup γ(t) t∈R of N on which ξ acts by multiplication by λ. Then (3.1) reads as
In the last inequality, we use that ρ| N is an isometric action. Set
We have e n → 0 for n → +∞ since λ > 1 and the cocycle b is continuous. Assume that b(g 0 ) = 0. Then for n ≫ 0 we have
Now assume by contradiction that b(g 0 ) = 0, that is, ρ(g 0 )u = u. Let Z be the center of N 0 , which is non-compact. By Lemma 2.2, ρ(Z)u = u. By Lemma 2.5, u is constant on G, a contradiction.
On Gromov-hyperbolic groups
In the section, we prove the corollaries of Theorem 1. First, Corollary 2 is immediate from the theorem.
The following proposition is essentially proved, in the even more general context of metric groups by Gromov [G, 8.2 .D]. Proof. Gromov provides two hyperbolic elements γ 1 , γ 2 with origin o 1 , o 2 , target t 1 , t 2 and #{o i , t 1 , t 2 } = 3 for i = 1, 2. It then follows from the quasi-isometric ping-pong Lemma [CT, Lemma 2.1] that suitable powers of γ 1 and γ 2 generate a free subsemigroup.
Such a quasi-isometrically embedded subsemigroup provides a quasi-isometrically embedded tree in G, and by [T1, Theorem 6] , this implies that the L pcohomology is non-zero for large p:
Note that for the groups considered in the paper, the results of [CT] are enough to provide a quasi-isometrically embedded subsemigroup without using Proposition 4.1, but we found it natural and useful to mention it. Anyway, (3.1)⇒(2.1) and thus (3.1)⇒(3.2) is proved. The converse (3.2)⇒(3.1) is a particular case of Corollaries 4 and 5 (although the reader can prove it directly in a more straightforward way).
In Corollary 4, the implications (4.3)⇒(4.2)⇒(4.1) are straightforward. If (4.1) holds, by the already proved implication of Corollary 3, the unit component G 0 , and therefore G, is a Lie group of Heintze type or rank-one type. So we have to prove the following proposition. Proof. If G is of rank-one type, K acts irreducibly on the tangent space of the base-point of G/K, so the left-invariant Riemannian metric is unique up to scalar multiplication, so we get one of the simply connected irreducible symmetric spaces of rank one, which are negatively curved.
So assume that G is of Heintze type. Let H be a cocompact normal subgroup which is simply connected. Let K be a maximal compact subgroup of G. The adjoint action of K on h preserves the hyperplane h ′ , so preserves a complement line a, corresponding to some one-parameter A normalized by K. As the modular function ∆ is non-trivial on A, an element of A cannot be conjugate to its inverse, and therefore K centralizes A.
Let b be a K-invariant scalar product on h. Consider, for λ > 0, the linear automorphism of h mapping a + v (a ∈ a, v ∈ h ′ ) to λ −1 a + v. Note that it commutes with the action of K, so (u λ ) * b is also K-invariant. Then [H, Theorem 2] states that if λ is large enough, then the left-invariant metric on H obtained by translating (u λ ) * b from the identity, is negatively curved. Moreover, this metric is K-invariant, and the group of isometries generated by left translations of H and conjugation by elements of K is naturally identified with G = K ⋉ H. Proof. Let U be a compact vacuum subset and set L = k≥0 k · U. Then it is easy to check that L is a compact subgroup. So, as H 0 is compact, L is contained in a compact open subgroup V , which is necessarily a vacuum subset.
Lemma 4.5. Let H be a non-compact locally compact group with H 0 compact. Let S be a locally compact group with an action π on N by group automorphisms, and suppose that S possesses a cocompact copy of Z, which contracts H. Then
• S has a unique homomorphism p onto Z, which is positive on the given copy of Z, and W = Ker(p) is compact.
and stable under π(p −1 (N)), and for every compact subset
Proof. Let us first check that p is unique. Let p be a surjective homomorphism S → Z. As S contains a cocompact copy of Z, W = Ker(p) has to be compact and is thus determined as the unique maximal normal compact subgroup of S. This gives only two possibilities for p, and uniqueness follows from the the positivity assumption. If g ∈ S, let the automorphism π(s) of H multiply the Haar measure of H by q(s) ∈ R * + . As H is non-compact, this is a non-trivial homomorphism S → R * + . By Lemma 4.4, we can choose a vacuum subset L which is a compact open subgroup of H. Then W + = {g ∈ S|π(g)L ⊂ L} contains 1 in its interior. Indeed, otherwise there exists a net
As L is compact, we can suppose that (h i ) has a limit h ∈ L. As the action of G on H is continuous, π(g i )h i / ∈ L converges to h ∈ L, a contradiction. Similarly W − = {g ∈ S|π(g −1 )L ⊂ L} contains 1 in its interior, and therefore
Therefore W is open in S. The group S/W is discrete, is embedded into R (by log •q), and contains a cocompact copy of Z, so it is infinite cyclic as well. This yields the desired homomorphism p.
Let us now turn to the second assertion. It follows from the algebraic contractibility assumption that every compact subset of N generates a relatively compact subgroup of G. Therefore the subgroup L 1 defined as the closed subgroup generated by the compact subset
Fix t ∈ p −1 ({1}). Let t ′ be the positive generator of the given copy of Z. As
Proposition 4.6. Keep the assumptions as in Lemma 4.5. Then there exists a proper length function ℓ on the semidirect product G = S ⋉ H such that the pseudo-metric space (G, d) ,
Proof. Let W, p, H 0 be as given by Lemma 4.5, and fix t ∈ p −1 ({1}). Replacing if necessary S by Z (but we still write it multiplicatively) and H by W ⋉ H (and H 0 by W ⋉ H 0 ), we can suppose that G = Z ⋉ H, so now p is just the identity.
Set M = H 0 {t, t −1 }H 0 . Consider the Cayley graph of G with respect to M. As M is invariant under conjugation by H 0 , the right action of H 0 on G preserves this Cayley graph structure. So we get a graph structure on the quotient G/H 0 ; moreover as the original right action of H 0 commutes with the left action of G, we get a left action of G on the graph G/H 0 . As M generates G, this graph is connected. To check it is a tree, it is enough to check that −p behaves like a Busemann function, i.e. for any vertex v with p(v) = n there is only one vertex v ′ adjacent to v with p(v ′ ) = n + 1. (Indeed, if we have an injective loop, it contains a vertex v with p(v) minimal, and the two adjacent vertices in the loop have p(v ′ ) = p(v) + 1.) By homogeneousness, it is enough to check it when v = (1, 1) is the identity. Let (t, u 1 ) and (t, u 2 ) be two neighbours of v, viewed in G. This means that (t, u i ) belong to H 0 tH 0 for i = 1, 2. So there exist v 1 , v
This appendix is needed for the proof of Theorem 3.3 (and thus Theorem 7). It can also be of independent interest for the general study of contractions, as it generalizes [Sie, Proposition 4.2] , which applies to strict contractions.
We refer to Definition 1.1 for the definition of a contraction and a vacuum subset. If a locally compact group G has a maximal normal subgroup, such a subgroup is unique and denoted by W (G) . Notably, such a subgroup exists when π 0 (G) = G/G 0 is compact and in particular when G is connected. We say that a locally compact group G is elliptic if every compact subset is contained in a compact subgroup. We have the following easy lemma.
Lemma A.1. If a locally compact group G has a contraction, then G/G 0 is elliptic.
Proof. As α induces a contraction of G/G 0 , we can suppose that G is totally disconnected and we have to prove that G is elliptic. Let U be a compact vacuum subset. Define the limit set L as n≥0 α n (U). This is a compact subgroup. Note that α (strictly) contracts G modulo L, in the sense of [HS] . Since G is totally disconnected, there exists a compact open subgroup V containing L. If K is any compact subset of G, then α n (K) is contained in V for some n, and therefore K is contained in the compact subgroup α −n (V ).
Lemma A.2. Let G be a locally compact group with π 0 (G) compact and W (G 0 ) = 1. Then the subgroup generated by G 0 and W (G) is naturally isomorphic to the direct product G 0 × W (G) and is open of finite index.
Proof. As W (G 0 ) = 1, we have W (G) ∩ G 0 = 1. Since W (G) is compact, this is enough to ensure that the natural mapping G 0 × W (G) → G 0 W (G) is a topological isomorphism onto a closed subgroup. Since π 0 (G) is compact, G/W (G) is a Lie group with finitely many components. Now G/G 0 W (G) is both a quotient of G/W (G) and of G/G 0 , which is totally discontinuous, and therefore G/G 0 W (G) is finite.
Under the same assumption, we need to characterize W (G) without referring to any normality assumption (since in the sequel G will vary among open subgroups of a given group).
Lemma A.3. Let G be a Lie group with π 0 (G) finite and W (G) = 1. Then G has no non-trivial compact subgroup centralizing G 0 .
Proof. Let K be a compact subgroup centralizing G 0 ; let us assume that K is maximal for this property. Then K ∩G 0 is compact and central in G 0 so is trivial. In particular, K is finite. Let S be a maximal compact subgroup of G containing K, and let N be the centralizer of G 0 in G. Since G = SG 0 , any conjugate of K is contained in S. Moreover since K is contained in N which is normal, any conjugate of K is contained in S ∩ N. Now S ∩ N is a compact subgroup centralizing G 0 , so by maximality of K, we have K = S ∩ N and therefore K contains all its conjugates, so is normal in G. Since W (G) = 1, this implies K = 1. a topological isomorphism on the first L p -cohomology. Therefore, owing to the following lemma, we can suppose that Y is a discretization of X, i.e. a sub-metric space of X such that d(y, y ′ ) ≥ 1 for all y, y ′ ∈ Y , and such that the inclusion Y ⊂ X is a coarse equivalence. This is equivalent to the existence of some R > 0 such that X ⊂ y∈Y B X (y, R). Moreover, since X has bounded geometry, at most N = N(R) of these balls intersect.
Lemma B.3. Let ϕ : X → Y be a coarse equivalence. There exists a discretization X d of X, such that the restriction of ϕ to X d is one to one, and such that ϕ(X d ) is a discretization of Y .
Proof. By definition of a coarse equivalence, there exists R > 0 such that points at distance at least R in X are mapped to points at distance at least 1 in Y . Hence the lemma follows by taking for X d a maximal R-separated net in X.
The two main ingredients of the proof, that we will use thoroughly without mentioning them, are Hölder's inequality and the fact that X and Y have bounded geometry.
For every T > 0, let us define an operator P T on L p (X) as follows:
where E A f := Proof. Note that ψ T obviously preserves constant functions and it is easy to see that it is bounded on L p . Let s ≥ T. We will sketch the proof that ψ T is continuous from D p (X) to D p (Y ) (the details are straightforward and therefore left to the reader). 
